ON FUNCTIONAL INEQUALITIES FOR THE PSI FUNCTION 
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Abstract. The volume of the unit ball in R n can be expressed in terms of 
the gamma function. This connection has lead in the recent years to questions 
motivated by geometric considerations involving the gamma function and other 
special functions. Here we give some functional inequalities for the psi function, 
the logarithmic derivative of the gamma function. 
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1. Introduction 

For Rex > 0, Hey > 0, we define the classical gamma function T(x) and 
psi function ip{x) by 

00 u*-i r'M 



T(x) = / e-H^dt, ip(x) 



r(*)' 

respectively. The recurrence relations of T and ip are 

r(i + x) = xT(x), ip( x + 1) — — I - i>{x)- 

X 

Note that 

^(1) = - 7 and ^(1/2) = -2 log 2 - 7 

where 7 is the Euler-Mascheroni constant. Throughout this paper, we denote by 
c = 1.4616 . . . the only positive root of the the equation ij)(x) = (see |ASl 6.3.19]). 

1.1. Lemma. [Si Theorem 2.3] For all a > 1, the function 

1(1— ax) 

is decreasing function of x > 0. 

The following result is the counterpart of the Lemma II. It 
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1.2. Theorem. For a > 2, b > 1 wif/i a > b, the following function 

is increasing (decreasing) in (1/2, oo) for a > 2, b > 1, a > b (a > 1, b > 2, a < b). 
In particular, 



a > 2, b > 1, a > 6, 



/ V>(l + 6/2) V AHl + a/2) 
1 J VV(l + 6ar) / W(l + aa;) 

(3) C^(l + 2x) < ^(l + x) 2 , 

(2-log4-7) 2 
w/iere C = ^ ° V- « 0.0031 .... 

1-7 

The functional inequality of Theorem ll.3l is reminiscent of Theorem 5.12 of |AVVj . 

1.3. Theorem. The function f(x) = l/^(cosh(x)) is decreasing and convex from 
(1, oo) onto (0,a), where /(l) = l/^>(cosh(l)) = 13.1559... = a. In particular, 

2ifj(r)tfj(s) 



ip( y(l + rs + r's')/(rs)) 



< 4>{r) + ip(s), 



for all r,s G (1, oo) and z' = y/1 — z 2 . 

The volume of the unit ball B n in M. n is defined as 

W 2 



a 



r(n/2,., t 



— = TT / {smt) j dt, tt = l, neN, 



(see pp. 37]). 

1.4. Theorem. The following inequalities hold 

(1) A/^2n^2(n-l) < ^(2n-l), 

(2) f V < 



/or a// k, n G N. 

2. Preliminaries and proofs 
For the following lemma see [Ml ED \EM lEGP] 
2.1. Lemma. For x > we have 



'1) logo; < ip(x) < \ogx , 

x 2x 
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(2) >l + ^2> 

(3) if/'(x) < --2i[>'(x), 

X 

(4) (^(x)) 2 + f'(x)>0, 

(5) i/j'(x)e^ < 1. 

2.2. Proof of Theorem Q Let 

= log/(x) = a log(/0(l + for)) — 61og(^(l + ax)). 

Differentiating with respect to x we get 

, . fip'(l + bx) ^'(1 + axY 

g (x) = ab — — — — r 

v ' + bx) + ax) 

By Lemma 12.14 ty' an d ^ are decreasing and increasing, respectively. Clearly 

+ bx)tp(l + ax) - + ax)ip(l + bx) > 0, 

hence / is increasing. Letting a = 2, b = 1 we get 

/(1/2) < f(x), 

and this completes the proof. □ 

2.3. Lemma. The function 

ip' (cosh(x)) sinh(a;) 
= ^(cosh(x)) 2 ' 

is decreasing in x £ (1, oo). 
Proof. Letting r = cosh(x), 



We get 

-(r 2 - l)^'(r) 2 + ip(r) (rip'(r) + (r 2 - 1) ip"{r)) 



\/r 2 — 1 ^(r) 



2 



^ (r 2 - 1) ^"(r) + ip(r) (rip'(r) + (r 2 - 1) ip"(r)) ^ 
i/r 2 — 1 ip(r) 2 



by Lemma EJJ4). □ 

2.4. Proof of Theorem 11.31 Differentiating with respect to x we get 

(cosh(x)) sinh(a;) 



fix) 



V>(cosh(a;)) 2 
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which is negative and decreasing, hence / is convex. This implies that 

1 + ^4^.< 



2 (cosh (x)) ij) (cosh (y)) J ip{cosh.(x + y) /2) 

The inequality follows if we let r = cosh(x), s = cosh(y) and use cosh 2 ((x + y)/2) = 
(1 +xy + x'y')/(xy). □ 

For convenience we use the notation M + = (0, oo). 

2.5. Lemma. [Nj Thm 2.1] Let f : M. + — > M + be a differentiable, log-convex function 
and let a > 1. Tnen g(x) = (f (x)) a / f (a x) decreases on its domain. In particular, 
if < x < y , £/ien ine following inequalities 

/(ay) " /(a,) " UlUJJ 

no/d £nte. If < a < 1, then the function g is an increasing function on K + and 
inequalities are reversed. 

2.6. Corollary. For > 1 and c < x < y, the following inequality holds 

( ip(x) \ fc ip(kx) 
\^(y)J ~ ^P(ky)' 

Proof. Let o(x) = log(l/^(x)). Differentiating with respect to x and by Lemma I2TT1 

we get 

i/j'(x) 2 — ifj(x)i/j(x) 2 



9"(x) 



> 



> 



4>(x) 2 

i)'(x) 2 - (log(x) - l/(2x))(l/x - 2ip'(x)) 
ip(x) 2 

ip'(x) 2 - (log(x) - l/(2x))(l/x - 2(1/ x + l/(2x 2 ))) 



2 



> ^(x) 2 + (log(x) - l/(2x))(l/x + 1/x 2 ) ^ Q 

This implies that g is convex. Now the rest of proof follows easily from Lemma 
1231 □ 

2.7. Corollary. The function f(x) = artanh(^>(tanh(x))) is strictly increasing and 
concave from (c, oo) onto (l,m), where 

/(c) = artanh(^(tanh(c))) = -0.9934 . . . = I 

and 

/(oo) = — artanh(7) = —0.6582 . . . — m. 

In particular, 
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1) ^ ( T + S \ > ^ + ^ 



1 + rs + r's'J 1 + i/j(r)i/j(s) + W) V 1 - V^(s) 2 ' 

for all r, s G (0, 1), 



(2) ^ 



r + 



lUta.hfiartanhf^^f)) 
-s/ V 2 V 1 + ^(2r)^(2s)y 



a. 



1 + rs 
/or a// r, s G (0, 1), 

l + ^(tanh(r)) 1 - ^(tanh(s)) e2a(r _ s) 

1 ' 1 - -0(tanh(r)) 1 + -0(tanh(s)) 
for all r, s G (c, oo), where 

^(tanh(c))sech 2 (c) = 
^ w 1 - ^(tanh(c)) 2 

Proof. Differentiating / with respect to x, we get 

, V ;/ (tanh(a;))sech 2 (x) 
' (X) = 1 - ^(tanh(a;)) 2 = G^J' 

Which is positive and decreasing, because 

= -^"(tanh(a;))sech 4 (a;) — 2-?//(tanh(a;))sech 2 (:r) tanh(rr) < 0. 

Clearly G(x) is increasing, hence / is concave. The concavity of the function implies 
that 

j ^x±y}j > f(x) + f(y) 

ft h ( X ^^\^\ > t h ( ar ^ ann ('^(^ ann ( a '))) + artanh('0(tanh(y))) \ 
\ \~2~)) >taJ1 V 2 J' 



We get (1) by using 
tanh 



x + y\ tanh(x + y) r + s 



tanh 



l + ^/l-tanh 2 (* + y) 1 + " + ^' 
U + u\ i? + S* 



1 + + R'S r 



and letting r = tanh(x), s = tanh(y), R = ip(r), S = ip(s), u = artanh('0(tanh(x))) 
and v = artanh('0(tanh(y))). For (2), 

t hijj ( t hf X ~'~^ N ) N ) > ar ^ ann (V ; (tanh(a;))) + artanh('0(tanh(y))) 



V V 2 // 2 

1 artanh^ ^( tann (^)) + ^(tanh(?/)) ^ 



2 V 1 + ^(tanh(x))^(tanh(j/)) / ' 
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Letting r = tanh(x/2) and s = tanh(y/2) we get (2). The derivative fix) tends to 
a when x tends to c. By Mean Value Theorem we get f(r) — f(s) < a(r — s). This 
is equivalent to 

1. (\ + V(tanh(r))\ 1, fl + -0(tanh(s))\ . . 
2 l0g V l-^(tanh(r)) ) ~ 2 l0g v l - ^(tanh( g) ) J < ° (r " S) ' 

hence (3) follows, and this completes the proof. □ 

2.8. Lemma. |KMSV| Thm 1.7] Let f : K + — >■ K + fre a differentiable function and 
for c ^ define 

9(I)= (7MF' 

VFe nave £ne following 

(1) if h(x) = log(f(e x )) zs a convex function, then g(x) is monotone increasing 
for c, x G (0, 1) or c, x G (1, oo) or c < 0, x > lane? monotone decreasing for 
c G (0, 1), x > 1 or c> 1, x G (0, 1) or c < 0, x G (0, 1), 

(2) if h(x) is a concave function, then g(x) is monotone increasing for c G 
(0, 1), x > 1 or c > 1, x G (0, 1) or c < 0, x G (0, 1) and monotone decreasing 
for c, x G (0, 1) or c > 1, x > 1 or c < 0, x > 1. 

2.9. Corollary. Tne following inequalities hold for r, s G (c, oo), 

(1) ^(v 7 ^) > #)#), 
equality holds with r = s, 

(2) ^(x fc ) < k G (0,1), 

(3) ^(r)* 1 < ip(r k ), k > 1. 

Proof. Let /(x) = logf^e 21 )), x > t = 1.1641..., where i is the solution of the 
equation ip(e x ) = 1. Differentiating with respect to x and by Lemma [2.11 we get 

.. e x U {e x ) (>' (e x ) + e x ip" (e x )) - eV (e^) 2 ) 

/ ( x ) = 2 

■0 (e x ) 

e x (e x ) (e x ) + 1 - 2e x ip'{e x )) - e x ip' {e x f) 



ip {e x ) 2 

e x (if) (e x ) (1 - (2e* - 1)(1 + l/(2e 2x ))) - eV (e x f) ^ 



ip (e x ) 2 



Hence / is concave, this implies that 



logMe'))+logMe»)) < log( ^ (e (^)/ 2)) _ 

If we let r = e x and s = e y we get (1). The proof of part (2) and (3) follow from 
Lemma EBJ2). □ 
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2.10. Proof of Theorem CDS Let f(x) = log ,x> 1/2. Differentiating 

with respect to x and by Lemma I2T1T 2) we get 

f"(x) = ^{x)-- 2 
x z 

1 1 1 

> x + 2^~x^ >0 - 

This implies that the function 

log(r(n/2 + l)/^' 2 ) = log(l/fi n ), nGN 
is convex in n. Hence 



S^{x+y)/2 ) 2 \Q x Q y 

part (1) follows if we let x/2 = n and y/2 = n — 1. Part (2) follows from Lemma 
1231 □ 

2.11. Lemma. [Bj Lemma 2.1] Let us consider the function f : (a, oo) e R, where 
a > 0. // i/ie function g, defined by 

f(x) - 1 
9( x ) = 

is increasing on (a, oo), then for the function h, defined by h(x) = f{x 2 ), we have 
the following Griinbaum-type inequality 

(2.12) l + h{z)>h(x) + h(y), 

where x,y > a and z 2 = x 2 + y 2 . If the function g is decreasing, then inequality 
112. Zl| ) is reversed. 

2.13. Corollary. The following inequalities hold 
/1X r + s + ip(r + s) ^ r + s . . 

r ^(s) + s ip[r) r s 

(2) l±^±i > %±^, r )S GN\{l}. 



Proof. Let 



ip(x)/x - 1 



Differentiating with respect x we get 

v i>'(x)x + x — 2ip(x) 

tl\ x ) ~ ~a 



X' 3 



2x 2 + 2x - Ax log(x) + 3 
> 1 — ^—^ > 0, 

2x 4 



8 
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by Lemma [2.1( 1) and (2). Now the proof of part (1) follows from Lemma [2.8( 2). 
For (2), let 

, , v 1/Q(n) - 1 r(n/2) 1 . r , 

n 27T n ' 2 n 

By differentiating with respect to n and by Lemma [2. IT 1) we get 

4tW 2 + n 2 T(n/2) (ip(n/2) - \og(n)) 



Air n / 2 n 2 

^ 47r n / 2 + n 2 r(n/2) (log(n/2) -2/n- log(vr)) ^ 

4 7r n/2 n 2 



Hence /2 is increasing and the proof follows from Lemma [2.8( 2). □ 
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